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Asymmetry coefficient for large optically soft
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Abstract. The basic mechanisms describing radiation scattered by
large optically soft spheres are presented in this paper. The contribu-
tions of different components of geometrical optics to formation of the
integral indicatrix have been estimated. The asymptotic equations for
the asymmetry coefficient have been obtained. © 2002 Society of Photo-
Optical Instrumentation Engineers. [DOI: 10.1117/1.1481901]

Keywords: scattering; geometric optics; inverse problems; refractive index.

Paper JBO 01006 received Jan. 25, 2001; revised manuscript received Jan. 3, 2002;
accepted for publication Jan. 14, 2002.
-

t
n

-

-
-

r

-

-

r

h

ap-
ht-
o-

s–

are
ume

in-
le

re-

t-
ex
en

ng
nt
po-
d
ity
ove
es-

mi-

ix
1 Introduction
In the last two decades, the most promising and effective ex
perimental method used for analysis of biological fluids has
been flow cytometry. The uniqueness of flow cytometry is tha
the measurements are performed on separate particles a
with high speed~up to 300 000 particles/min!. This ensures a
high statistical accuracy and allows high sensitivity in reveal-
ing small populations. Thus the development of the paramet
ric solution of the inverse light-scattering problem that pro-
vides the determination of particle parameters at the
comparable rate(;2 ms) is a vital problem. Especially broad
applications of this express method can be envisioned in fur
ther developments of cytometry systems for analyzing the el
ements of blood and studying the disperse structure of wate
ecosystems. The problem of using flow cytometry for sorting
particles is discussed in detail in Ref. 1.

Among various techniques, the flying light-scattering indi-
catrix method~FLSI!2 deserves special attention since the op-
tical system of the scanning flow cytometer used allows one
to measure light scattered by a particle using a fixed detecto
Thus, during the passage~‘‘flight’’ ! of the particle through the
working area of the optical device the angular distribution of
the scattered radiation, or the indicatrix~phase function!, is
obtained.

The angular dependency of the light-scattering intensity
~indicatrix! contains significant information about particle pa-
rameters~size parameterr5ka5m0pd/l and relative re-
fractive indexm5mS /m05n1 ix, where d and a are the
particle diameter and radius, respectively,m0 is the refractive
index of the surrounding medium,mS is the refractive index
of the scatterer,l is the wavelength of the incident light in
vacuum,k is a wave number!. Thus the indicatrix can be used
to solve the inverse problem of scattering. The Mie computa
tion is widely used for the determination of size, shape, ori-
entation, refractive index, and aggregation of scattering bio
logical particles. Unfortunately, this is a lengthy and
complicated method, especially for spheres having two o
more layers.

In order to analyze suspensions of biological particles suc
as erythrocytes, leucocytes, ghosts of erythrocytes, biologica
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cells, microorganisms, and others by an optical technique,
proximation methods are widely used to describe the lig
scattering pattern. Among the well-known approximating s
lutions for the analysis of an indicatrix, the Rayleigh–Gan
Debye approximation~RGD!, anomalous diffraction~AD!,
geometrical optics~GO!, Fraunhofer diffraction~FD!, eikonal
approximation, and the integral wave equation methods
most frequently used. These approximations usually ass
that the relative refractive indexm of particles is close to 1;
thus, the particles are called optically soft.3–11

One of the important characteristics of light-scattering
dicatrix is the amount of light flux in the scattering ang
rangeu5@u1 ,u2# ~u is scattering angle!.

It is well known that under conditionr→` ~large par-
ticles! fundamental separation of diffracted, refracted, and
flected light results from the Mie series in Ref. 6.

In Ref. 12 geometrical optics solutions for light flux, sca
tered from large spherical particles with the refractive ind
more then 1.12 were analyzed. In particular, it has be
shown that for the coefficient of asymmetry of light-scatteri
indicatrix for such particles it is sufficient to take into accou
only the Fraunhofer diffraction component and three com
nents of geometrical optics~twice refracted, reflected an
twice reflected parts!. References 6 and 8 also show a valid
of asymptotic presentation of a scattered energy by the ab
mentioned components for water drops. However, the qu
tion arises: how does the light flux scattered into back he
sphere depend onm and r for the case ofm,1.12? The
purpose of this work is to solve this problem.

2 Computational Scheme
This work deals with the analysis of the integral indicatr
F(u0), indicatrix I (u) and coefficient of asymmetryh of the
optically soft homogeneous spheres that are as follows:

F~u0!5
2p*0

u0I ~u!sinudu

KSCA
,

I ~u!5
u f ~u!u2

pa2 , ~1!
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h5
F~p/2!

F~p!2F~p/2!
,

whereu is the scattering angle,f (u) is the scattering ampli-
tude, a is the radius of sphere,KSCA is the scattering effi-
ciency factor.

For the analysis of these characteristics we used RGD, FD
and GO approximations. For comparison with exact solution
we used Mie computation.5,6 For calculation of the value of
flux scattered into the backward hemisphere and the asymm
try coefficienth of the light-scattering indicatrix we used the
algorithm proposed in Refs. 4 and 13.

3 RGD Approximation
In the case of RGD approximation the form factor is6

G~u!5
3

u3 ~sinu2u cosu!5A9p

2u3J3/2~u!, ~2!

whereu52r sin(u/2). So the indicatrix of unpolarized light
is as follows:

I ~u!5
2r4

9p
um21u2I 0G2~u!~11cos2 u!. ~3!

The integral characteristicI u0
~energy scattered into solid

angle with cone2u0) is as follows:

I u0
5

4

9
r4um21u2I 0E

0

u0
G2@2r sin~u/2!#

3~11cos2 u!sinudu. ~4!

After integration one can obtain

I u0
5I 0um21u2H A12r21~4b222A!

sin~4rb!

4rb

1Fcos~4rb!21

~4rb!2 G~12b222A!1S 1

2r2 22DS1~4rb!J ,

~5!

where A521b221/(2b2), b5sin(u0/2), S1(x)5*0
x (1

2cosy)/y dy5ln(x)1g1Ci(x), Ci(x) is cosine integral,g
50.577 21.

Thus, the integral indicatrixF(2rb) for spheres in the
region of validity of RGD approximation is the ratio of Eq.
~5! to light-scattering efficiency factorKSCA. Under condi-
tions r→`, u052r sin(u0/2)5constit is easy to obtain that
S1(2u0)5const, b→0, A→1/(2b2), KSCA→2rum21u2,
and thereby

F~ru0!512
1

~ru0!2 1
sin~2ru0!

~ru0!3 1Fcos~2ru0!21

2~ru0!4 G .
~6!

Equation~6! is valid with the error less then 10% forr>5
and the error decreases with increasing of size parameter.

In case ofu05p/2 we haveb51/& andA53/2. In case
of u5p the same values are determined asb51 and A
55/2. Thus, from Eq.~5! for large optically soft spheres(r
@1) it follows that F(p)51 and
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F~p!2F~p/2!5
12 ln 2

2r2 .

It means that the light scattering into the backward hem
sphere does not depend on the relative size of a particle a
proportional toum21u2.

Therefore

h5
2r2

12 ln 2
. ~7!

This result is confirmed by exact calculation forr.10.6

4 Geometric Optics
Though in Ref. 12 it has been shown that for the flux scatte
into backward hemisphere it is sufficient to take into acco
only the first three components of GO, the comparison w
the exact calculation contradicts this statement for the o
cally soft particles(m,1.12).

Let us numerically estimate an asymptote ofh predicted
by GO approximation for optically soft nonabsorbing sphe
cal particles. For this purpose it is necessary to use the
pressions for a scattering angleuk of the kth flux3,12

uk5~k22!p12@w2~k21!c#, k52,3,... ~8!

u15p22w,

wherew is the angle of incidence andc is the corresponding
angle of refraction. The next step is to find the limits of t
integration in equation

Fk5
1

2 Ew2

w1
~ek,11ek,2!sinwdw, ~9!

where incident angle valuesw1 ,w2 are selected from the con
dition that scattered energy hits the backward hemisph
(ukP@p/2,p#). Values ofek,1 andek,2 are as follows:

ek, j5~12Rj !
2Rj

k21 , j 51,2. ~10!

Reflectance capacity for the two kinds of polarized light c
be written in the form

R15Usin~w2c!

sin~w1c!
U2

, R25Utan~w2c!

tan~w1c!
U2

. ~11!

The rangewP80° – 90°gives the main contribution to the
value of Fk calculated with Eq.~9!. For some ofkth fluxes
this angle range is optimal for the backward scattering, wh
the first and the third fluxes at these values ofw do not scatter
into the backward hemisphere. So the contributions to
total scattering into the backward hemisphere of somekth
fluxes are comparable to or even more than the contributio
the first and the third fluxes.

The relative values ofFk scattered in the backward hem
sphere with variation ofm ~value ofm varies from 1.001 to
1.2! are shown in Figure 1.

Note that form,1.12 the significant redistribution of the
relative contribution to the total value of the energy, scatte
in the backward hemisphere by different fluxes, occurs.
example, for a rangem51.04– 1.08the fourth component of
GO dominates, form51.02– 1.04the fifth dominates, and so
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Fig. 1 Relative contribution to total value of the energy scattered in
the backward hemisphere by different fluxes vs m. The numbers on
the curves correspond to the nth component of GO; 6–100 denotes
the sum of components from 6–100.
eir
y to
on. This tendency is shown by a summarized flux~a sum of
the components from 6th to 100th!. However, with further
decreasing ofm there are two dominating components, the
first and the third, which become equal in magnitude~in the
limit m→1 the contribution of each component is 0.5!. At the
same time, atm.1.12the scattering into the backward hemi-
sphere practically is determined by the third component
GO. This result conforms to the abovemention
conclusion.10

Estimating scattering in the backward hemisphere,
have neglected the influence of the components of GO w
k.100, as their contribution is insignificant.

For the ‘‘soft’’ particles the geometric optics asymptote
the asymmetry coefficient can be estimated as

hGO5
22(k51,3,4,...Fk

(k51,3,4,...Fk
. ~12!

Thus the values ofhGO in the case ofm<1.12are several
times smaller than obtained with account of only the first fo
components of GO. Figure 2 shows the comparison ofh cal-
culated with Eq.~12! and the Mie theory. It is worth nothing
that the exact solution gives a smaller magnitude ofh than
GO approximation in the specified range ofr and m. How-
ever, it is obvious that the value ofh approaches the GO
asymptote with increasing ofD52rum21u.

Let us trace the singularities in the behavior ofh for ab-
sorbtive particles with a small value of the imaginary partx of
the refractive index. In this case Eqs.~8!–~12! can be used
with modifications due to absorption of the rays after th
passage through the particle. In particular, it is necessar
transform Eq.~10! to
Fig. 2 The asymmetry coefficient vs the phase shift parameter D. Calculations have been performed with the Mie theory. Straight lines are the GO
asymptotes.
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Fig. 3 The asymmetry coefficient vs the particle optical thickness. Calculations have been performed for the absorbing optically soft particles with
the different relative refractive index. 1-GO, 2-Mie theory, 3-RGD Eq. (7).
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ek, j5exp~24@k21#rx cosc!~12Rj !
2Rj

k22 , j 51,2
~13!

and instead of 2 in the numerator of Eq.~12! to use expression
11s, wheres is the value of the total flux scattered accord-
ing to the laws of the geometric optics

s5
1

2 (
j 51

2 E
0

90S Rj1
~12Rj !

2 exp~24xr cosc!

12Rj exp~24xr cosc! D
3sin 2wdw.

Figure 3 shows the value ofh as functions of the optical
thickness of the particlet(t54rx) for the two values of the
index of refraction with the identical real and different imagi-
nary parts ofm. The calculation with the GO mechanism was
carried out for the first ten components.

It is obvious that the value ofh reaches the stationary
value rather fast; the stationary value corresponds to the con
tribution of the first component of GO. It is as follows:

hGO5
1

F1
. ~14!

The abovementioned value ofh is achieved att54 – 8. It
can be accounted for by the decreasing influence of the fluxe
that have passed through the particle. At the large values oft
their total contribution becomes negligible. In this case the
components diffracted and reflected from the surface of th
particle dominate.

Data for the RGD region are also presented in Figure 3. As
seen under the conditionD,1, the value ofh can be de-
scribed with Eq.~7!.

In Figure 4 the dependence of the GO asymptote(hGO) for
the different values ofm is presented~for the both nonabsorb-
ing and absorbing particles!. The asymptote for the nonab-
496 Journal of Biomedical Optics d July 2002 d Vol. 7 No. 3
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sorbing particles, for example, has the breaks in the po
m51.02,1.04.These are determined by involvement in th
backward hemisphere of scattering of the fourth, fifth, e
fluxes, respectively. The change in a functional dependenc
the asymmetry coefficient from;um21u22 (m,1.003) to
;um21u21 (m.1.12) through these nonmonotone zones o
curs.

In the case of the nonabsorbing particles with the sm
value ofx andm,1.2within the whole range of the variation
of m, hGO;um21u22. It is easy to find the analytical solu
tion of the abovementioned dependence for these particle

Under conditionm→1 the first component of GO deter
mines the integral flux reflected in the backward hemisphe
It gives

hGO>
2

um21u2~12 ln 2!
. ~15!

Equation~15! can be used with the error less then 14% f
m,1.1 and decreasing with decrease ofm. Let us mark also
a rather interesting result for the case of the nonabsorb
particles. With the decrease ofm ~from m,1.04! the flux
with one interior reflection~the third component! actually co-
incides with the reflected one~Figure 1!. Thus, the total flux
reflected from the exterior and the interior surface of the p
ticle in the backward hemisphere is

F11F35~m21!2~12 ln 2!. ~16!

The RGD approximation gives the same result.

5 Conclusion
In conclusion, the asymmetry coefficient is significantly d
pendent on the redistribution of the energy among thek
fluxes. Specifically, for the estimation of the asymmetry co
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Fig. 4 hGO vs um21u22 (a,b) and um21u21 (c,d) for the absorbing (1) and nonabsorbing (2) optically soft spherical particles.
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ficient of scattering~h! of the nonabsorbing optically soft par-
ticles (m,1.12) a significant number of such fluxes must be
taken into account. For such particles the approach to the G
asymptote ofh occurs at very large values ofD. At the same
time for the particles with absorption, the asymptotic value of
h is achieved much faster.

Obtained in the work asymptotic relations forh @Eqs.~7!,
~14!, ~15!# are perspective for the solution of the inverse light-
scattering problem in the case of the optically soft homoge
neous spheres.
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