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Abstract. We present an analytical model for the desired kinematics of the starshade-telescope
relative motion during exoplanet direct imaging observations. We combine this model with an
existing deadbanding strategy published by the NASA JPL S5 Team to define a dynamics frame-
work for deadbanding simulations. Global results of these simulations show that the fuel usage
and the number of observation interruptions vary as a function of the target star ecliptic coor-
dinates and time, meaning there exist optimal times to observe particular targets. We combine
these results with the telescope pointing constraints due to the relative position of the Sun and
other bright solar system objects. We show that optimally scheduling an observation could result
in up to 30 more min of integration time and 26 fewer interruptions per observation, improve-
ments of almost 300% in some cases. We also show how phasing the start time of the telescope
on its halo orbit is paramount for ensuring optimal observations, providing up to 68 additional
min and 31 fewer interruptions per observation. Choosing an optimal halo phasing can also
increase, for some near-ecliptic target stars, the fraction of a year that the target is observable
from a few percent to more than 30%. © The Authors. Published by SPIE under a Creative Commons
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1 Introduction

Creating optimal observation schedules for exoplanet direct imaging with a starshade requires
careful consideration of mission constraints. Of the two primary starshade flight modes—
formation flying and slewing—the former requires higher precision control. To image exo-
Earths at contrast levels on the order of 10719, the starshade must fly in very tight formation
with the telescope-star line of sight (LOS) at a distance of about a dozen Earth radii. The centroid
of the starshade cannot stray more than 1 m from the LOS to the star. This constraint prevents
diffraction effects from degrading the contrast levels and ruining the sensing of the Arago spot.>™
This level of precision control, fortunately, has been demonstrated both analytically and in exper-
imental simulations.®® The starshade, in many designs, carries out this precision control using a
bipropellant engine: it is allowed to drift from its desired positioning and fires its thruster only
when it reaches the lateral tolerance of 1 m from the LOS.*? However, every burst of propellant
used to maneuver the starshade back toward its desired trajectory creates a transient plume that
reflects light and prevents a successful observation. The bi-prop engine creates discrete plumes
that disperse quickly rather than the continuous cloud formed by solar electric propulsion. Many
starshade designs instead use a separate SEP engine to conduct slew maneuvers.*'*!! Propellant
cloud interruptions from discrete, bi-prop maneuvers add overhead to the observation time.
Optimal trajectories around the desired starshade position should maximize the drift time
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between pulses. It is also important to know these overheads for different target stars as the
telescope and starshade orbit the Sun in complicated patterns. This will help us to predict optimal
times where overheads are low for a particular target star of interest. We, therefore, categorize the
aims of this study into three major areas:

1. present a thorough, analytical model for the telescope-star LOS and the nominal starshade
kinematics;

2. develop a dynamics model based on deadbanding strategies outlined by the JPL S5 Team
in Ref. 9 to simulate observations; and

3. perform observation simulations with a large target list to determine when and where opti-
mal observation conditions exist.

First, we develop a model to describe the complex geometry of the starshade relative to the
telescope. Previous works, including Sirbu et al.,'? have developed equations for the relative
position based on vector components. We have instead elected to use an analytical model using
Euler angles to define the LOS from the telescope to a target star solely as a function of time and
the ecliptic coordinates of the star. Doing so yields concise formulas for the required pointing of
the telescope as well as the necessary starshade kinematics for perfect formation flying—the
condition where the starshade sits perfectly on the LOS at its constant separation distance.
We also use this model to define the injection velocities required to start an observation.
These velocities serve as boundary conditions for solving slew trajectories.'* These analytical
provide a clear look into the variables that affect the kinematics of the starshade.

Although these formulas define perfect formation flying for the starshade, the starshade is not
required to maintain these conditions exactly. Gravitational and other disturbance forces will pull
it away from the desired track toward some offset trajectory. Rather than continuously correct
these offsets—which would require more fuel usage and ruin observations with continuous
plumes—we can instead allow the starshade to drift from the defined desired track onto an offset
trajectory and only perform corrective maneuvers when it reaches the deadbanding limits set by
telescope contrast requirements. We study the dynamics of these offset trajectories using the
framework developed by Flinois et al.” from the JPL S5 Team'* which assumes that, for short
trajectories, lateral differential forces are constant. Flinois et al.? demonstrated Monte Carlo sim-
ulations of the offset dynamics using high-fidelity guidance, navigation, and control algorithms
and integrators. We conduct similar simulations of the offset dynamics, first by defining the
necessary frames using our analytical starshade model and then integrating our equations of
relative motion within a Python environment using standard scipy and numpy packages.15
Our open-source software provides accessibility and the ability to simulate deadbanding of the
starshade during observations with a wide set of parameters, including any target star coordinate
at any point throughout the mission time and any telescope orbit.

Our model and simulations provide results that are particularly useful as heuristics for exo-
planet direct imaging simulations. Full end-to-end direct imaging missions for starshades can be
simulated using EXOSIMS.'®!7 At every decision step, a scheduling algorithm selects the next
best star to observe. Many metrics are considered in this scheduling step: how likely a star is to
have an orbiting exoplanet that is observable to your instrument, '*2° whether each star is observ-
able due to the relative location of the Sun or other bright solar system objects,'*?* and the
required fuel needed to slew to that next star,'**' among others. The station-keeping fuel usage
has not been used as one of these metrics. The station-keeping fuel used during each observation
was previously calculated with a simplistic model within EXOSIMS. Increasing the precision of
the station-keeping fuel determination is important because long integration times are required to
photometrically detect and spectrally characterize the atmospheres of smaller, dimmer exopla-
nets. The station-keeping fuel use is dominated by the lateral forces pushing the starshade off the
desired LOS trajectory. The lateral component of the disturbance acceleration varies with the
LOS configuration relative to the Sun, Earth, and Moon. This causes variation in the fuel use
and required number of thruster firings as a function of time (or its position in orbit) and the
location of the target star on the sky. We determine optimal times for observing particular stars.
These are combined with keepout constraints to ensure that whenever stars are observable, the
starshade can optimally observe the target. The phasing of the telescope on its Sun—Earth L2 halo
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orbit—where the telescope is positioned at the mission start time—is also key to ensuring
optimally timed exoplanet observations.

In the work presented, we first define the reference frames and general dynamics used to
analyze motion in Sec. 2. We then give an overview of the starshade formation flying dynamics,
defining all forces acting on the starshade in Sec. 3. We then develop expressions for the desired
starshade formation flying kinematics and parallax correction acceleration in Sec. 4. Keepout
angles are defined for the telescope in Sec. 5. In Sec. 6, we integrate the relative dynamics of the
starshade and connect them to the model given by Flinois et al.” We list the algorithms used to
simulate deadbanding within the lateral tolerances. Finally, we present global trends of key met-
rics in Sec. 7, such as daily fuel usage and thruster firings per observation, as a function of the
target star chosen and the mission elapsed time. We also show the relationship between the keep-
out zones and halo orbit phasing, presenting an optimal phasing for given target stars that will
always lead to optimal observations.

2 Dynamical Background

The formation flying dynamics of the starshade are derived in Sec. 3 using the Sun—Earth—-Moon
model of the circular restricted three body problem (CR3BP).?> In this model, the Earth and
Moon are treated as a single entity located at their center of mass. The Earth—-Moon barycenter
and the Sun are then assumed to orbit their common Sun—Earth—-Moon barycenter (SEMB) on
circular orbits. This model captures most of the spacecraft dynamics and enables computational
efficiency when conducting simulations to produce formation-keeping costs.

2.1 Definition of Reference Frames

We first define an inertial frame Z with basis vectors €, €,, €; and origin O coinciding with the
SEMB point. Position components in the Z frame are represented along each axis as (X,Y, Z)
using the convention in Ref. 22. Scalar time derivatives of components will be denoted with
single dots (X,Y,Z) and double dots (X, ¥,Z) for velocities and accelerations, respectively.
In this frame, the Sun and the combined Earth—Moon system both move in circular orbits about
O. We represent the Earth—-Moon system barycenter as the point O’ shown in Fig. 1. We then
define the rotating frame R, which is central to the CR3BP model, relative to our inertial frame.

Target star (i)

I z
A
Desired
Starshade (S) — 1 fnrmation (D)
flying

4

rr =
Telescope (T')

Earth,®&_ ()

x

Fig. 1 Diagram of telescope-starshade-target star vector configuration in the inertial frame relative
to origin O. Orbital path of the reference halo orbit is shown both in the inertial frame and as a
closed orbit relative to the Sun-Earth rotating frame (which is rotated from the inertial frame by an
angle t). Star coordinates are defined by ecliptic longitude (1) and latitude ().
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The R rotates with the Sun and O’ at a constant rate and shares the same origin O with basis
vectors X, ¥, Z. Position components in the R frame are represented along each axis as (x, y, z).
Scalar time derivatives of these components will be denoted the same way as for the inertial
components. The 7 and R frames are initially aligned at some reference epoch which we assume
to be March 20, 2034. On this date, the vernal equinox coincides with the alignment of the lunar
orbital nodes with the ecliptic and is a useful reference for ephemerides approximations.

We use the CR3BP canonical units for all values unless otherwise specified. The distance unit
is equal to the Sun-(' separation, or 1 AU, and the time unit is scaled such that the mean motion
of the Sun and O’ orbits is 1. As a consequence, the period of these orbits is equal to 2 and the
gravitational parameter G is 1. The mass unit is the sum of the primary masses and we define the
dimensionless parameter y*, given as

mg + mg
me + mg + mc

*

H e))

The individual masses for the primary bodies are then defined as o =1 — p* and pg ¢ = p*.
The individual Earth and Moon mass parameters y, and y¢ are their masses scaled by the sum of
the primary masses. With this parameter, we define the positions of the Sun and O, respectively,
as ro/o = —u*x and rp: 0=~ u*)X in components of the rotating frame. In inertial frame
components, the positions vary as a function of time as

cos t
[rojo0ly = —p* | sint |, 2)
0
and
cos ¢
[rojoly = (1 —p") l sin f] : 3
0

where ¢ is the time elapsed from the reference epoch.

We also assume that any star in our catalog or target list will be stationary relative to this
inertial frame 7 for the duration of the mission. The position of a given star i is defined relative to
the origin O as

cos f cos A
[rijol; = — lcos psin A “)
@ sin

in inertial frame components. The ecliptic latitutde f is measured from the ecliptic plane and the
ecliptic longitude A is measured from the vernal equinox at our reference epoch. The parallax
angle w is defined as tanw = Sl where S; is the stellar distance from O in canonical units.

Parallax angles and other stellar parameters are catalogued and calculated using the astropy
Python package.”® We can approximate tan @ ~ @. Here we take O as an approximation of the
solar system barycenter. In reality, the solar system barycenter and the defined position of O has
varied on average by about 0.005 AU over the last 20 years according to ephemerides from the
JPL Horizons system.’* However, the worst possible viewing scenario—on a star at 1 pc located
at an ecliptic pole—would produce an ~3.7 mas directional error. A star at 30 pc would create an
error of 0.17 mas. When compared to a telescope field of view of 12 X 12 arc sec? for HabEx at
visible wavelengths, we can assume that treating stellar spherical coordinates relative to O has a
negligible effect for our simulation purposes.'' Proper motion can be applied to the model for
high-fidelity star tracking, but the effects will be negligible for the mission times considered.
Other effects like stellar aberration should be considered in the future for a higher fidelity model.
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2.2 General Dynamic Model

The motion of any spacecraft in either the inertial or rotating frame will be driven by their respec-
tive equations of motion. In the inertial frame, the inertial acceleration of some particle P is
governed, through Newton’s Second Law of Motion by

Tap,0 = pr = 8pr/o T 8P/(a+Q)> (5

where the superscript Z represents a vector derivative with respect to the inertial frame, > fp is
the summation of specific forces on the particle P, gp, is the gravitational specific force on P
from the Sun, and gp /(¢ 1) is the combined gravitational specific force on P from the Earth and
Moon. These forces are

r
P/OP’ ©)

gP/G) = _IuO ||rP/Q|

and

r ’
8r/(@+0Q) = ~Ha+C ip )
[rp/0 ||
noting that rp;q = rp/o — Y0 and rp,or = rp/o — Yory0. We define the inertial frame com-
ponents of P as [rp,o]; = [Xp.Yp.Z )T to generate the relative positions to the Sun and O using
Egs. (2) and (3). The resultant acceleration of P from Eq. (5) is, therefore, dependent only on the
position of P and time. We refer to these equations of motion, namely Eq. (5), as the inertial
CR3BP (or ICR3BP) since they share the same nomenclature and canonical units.

The equations of motion in the rotating frame, the CR3BP for the same particle P, are given
similarly as

Rap,0 =vpjo+ pr, (®)

where the superscript R represents a vector derivative with respect to the rotating frame R and
Vp/o encompasses the noninertial accelerations, which in rotating frame components is

xp +2yp
yp —2xp
0

. ®

[VP/O]R =

The specific gravity forces are the same as in Eq. (5) but are written in rotating frame
components. The R frame components of both sides of Eq. (8) are

Xp + 2)‘)P + (_”_XP><1_”) + (l_ﬂ_xP>}4

Xp lepsoll HrP/O’H3
. . 1—u)y v
_ — D5y — =ye e 10
Yp YP = EXP = ol T gyl (10)
p _(=mwzp _ _ uzp
Irpsoll ||1'P/0’H3

Since the Sun and O’ are stationary in the R frame, Eq. (8) is time-independent and therefore
an autonomous system.

2.3 Halo Orbit of the Telescope

The space telescope is assumed to be on a halo orbit about the Sun—(Earth + Moon) L,.>>* The
distance of L, from the Earth-Moon barycenter is ||r;, o[ = 0.010075 AU. Halo orbits are
generated using the rotating frame equations of motion in Eq. (10). Initial conditions that lead
to a periodic halo orbit are found using an iterative differential correction process combined with
a single shooting algorithm.?"?” The reference halo generated for our simulations is shown in
Fig. 2. It has a period of about 179 days, with amplitudes of 800,000 km in the y direction,
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Fig. 2 Reference halo orbit for the space telescope relative to L,. Telescope positions at different
halo orbit phasings are shown in red.

400,000 km in the x direction and also above the ecliptic plane. We calculate sufficient points
throughout its period to create an interpolant which allows us to effectively know the full tele-
scope trajectory—position, velocity, and acceleration—as a function of time. In rotating frame
components and derivatives, these are

rro(t)
Rvrjo(t) | = [xp(t), yr(t), zp(2), xp(8), 7 (2), 20(2). 57(£), 7 (2), 22(2)] T, (11)
R

(
ar/o(t) 1

where the subscript 7' denotes the telescope. The first six terms, the telescope position and veloc-
ity components, are computed by integrating Eq. (10) in first-order form; the last three accel-
eration components are the resultant accelerations from directly evaluating Eq. (10) with the
previous six terms. We do not consider station-keeping of the telescope on this halo orbit, assum-
ing that the telescope is responsible for maintaining that reference halo trajectory.

Although generating the reference halo orbit in Fig. 2, we assumed the starting point at our
reference epoch to be at the southern-most point of the halo. Since the CR3BP equations are
autonomous, we can choose a different injection point on the halo orbit for the telescope, in-
dependent of time. We implement this variation of injection points as a halo orbit phase time Atp.
Different halo orbit phasings are shown in Fig. 2 over half the halo period. Although this may
affect the initial transfer fuel costs of the telescope and starshade from Earth, there exist many
trajectory options with marginal Av changes.”® The effects of varying this phase for different
missions are discussed in Sec. 7.4.

Though it would be convenient to frame our model in the CR3BP rotating frame and take
advantage of its time independence during numerical integration, the starshade station-keeping
problem is inherently time dependent—we must either keep track of the moving Sun, Earth, and
Moon in the inertial frame or the moving stars in the rotating frame. We choose to develop our
station-keeping models in the inertial frame to ease the additions of perturbation forces and
because the line of sight definitions are more intuitive in inertial frame components. The tele-
scope’s trajectory on the halo orbit, in the inertial frame as a function of the computed rotational
frame components, is
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_XT(t) | [ xr(t) cos t — y() sin ¢ ]
YTEtg xr(t) sin HE))]T(I) cos f
ZT 1 zr(t
r7/0 X7 (1) Xr(t)cos t = yp(t)sin t = Y (1)
rjo | = I{TEt; = xr(1) sint+)')r((t))cos t+ Xp(1) : (12)
ar Zr(t 27 (t
o2 X7 (1) S (t) cos t — j‘zT(t)Zsin t—2Y7(t) + X7 (2)
V(1) S (2) sin 1 4 y7(2) cos 1+ 2X (1) + Y (t)
_ZT(f) 11 Zr(1) |

These time histories for the inertial halo trajectories are continuous and can also be inter-
polated over a finite mission time.

3 Starshade Formation Flying Dynamics

Science requirements for a starshade observation dictate that the starshade be positioned at a
constant separation distance from the telescope during an observation. This ensures the best
possible contrast at the desired observing wavelength. We, therefore, define a desired position
D for the starshade and state that rj, /7 be constant along the LOS to a star. In reality, the distance
from the LOS can vary from this desired location. The actual position of the starshade S is rg;o.
Both vectors are shown in Fig. 1. The purpose of formation-keeping maneuvers is then to keep
the difference between the desired and actual positions, namely

Ys/p = Ts;0 —Tpjo, (13)

within the lateral limits that still guarantee high-contrast imaging. These are 1 m laterally from
the LOS and 250 km axially along the LOS. Differentiating the positional difference vector in
Eq. (13) twice with respect to time results in

Tag/p =Tag0 —Tap,o. (14)
Expanding the acceleration of the desired starshade position and grouping terms results in
Tag;p = (Pagjo —Tar0) —Tap,r. (15)

The dynamics of the formation flying error—the deviation of the actual starshade from its
desired trajectory due to the disturbance acceleration Zag /p—consists of the relative dynamics
(fag 10 — Tay /o) between the starshade and telescope modified by the acceleration Tap, /7 of the
desired relative position relative to the telescope. We use Eq. (15) to numerically integrate the
deviation of the starshade trajectory and implement formation keeping costs in Sec. 6.2. We
derive and discuss the three individual terms of Eq. (15) before discussing simulations. The
inertial acceleration of the telescope IaT/@ is known as a function of time from Eq. (12).
The acceleration of the actual starshade Zag /0 is discussed in more detail in Sec. 3.1. The desired
starshade acceleration Ta, /7> often called the parallax correction, is derived from geometric
constraints on the starshade kinematics in Sec. 4 and is discussed specifically in Sec. 4.5.

3.1 Summed Forces on the Starshade

We develop equations for the starshade directly in the inertial frame using an enhanced version of
the ICR3BP in Eq. (5) to find Zag /0- To add higher fidelity to the ICR3BP, we split Eq. (7) into
separate Earth and lunar gravity specific forces. A solar radiation pressure (SRP) specific force is
also added as a perturbing force. The full equations of motion of the starshade is therefore

Tagjo = Y fs = &s/o + 8s/e + &5/ + Ps/os (16)
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where pg/q is the specific force on S due to SRP. The gravitational specific force from the Sun on
the starshade § gg/q is the same as in Eq. (2). The Earth and lunar gravity specific forces are

derived from a more detailed model in Sec. 3.2. The new set of equations in Eq. (16) will be
referred to as the enhanced ICR3BP.

3.2 Earth and Lunar Gravity

We add more detail to the Earth-Moon model by including their individual orbital positions
about O’. We assume a circular orbit for the Moon about O’ with radius r and inclination
i. The precession of the lunar nodes relative to the ecliptic plane is represented by a constant

lunar nodal rate € of 1 revolution per 18.59 years, converted to canonical units. We assume that
the lunar nodes cross the ecliptic at our reference epoch. The lunar ephemerides are then

sin(nct) sin(Qct) cos ic + cos(nct) cos(Qct)
[r¢j0rly = =rc | sin(nct) cos(Qt) cos i¢ — cos(nct) sin(Qcr) |- a7

sin(ngt) sin ic

where r¢ = 384,748 km, n¢ = %—Z, i = 5.15 deg, and T'¢ is the lunar orbital period of 29.53 days

converted to canonical units. The full lunar orbit is calculated as rc,o = r¢jor + rorjo- The
lunar gravity specific force on the starshade is

Is/C
#/¢ = —He —L (18)
||I'S/<(||

noting that the gravitational parameter G is equal to 1 because of canonical units. We can sim-
ilarly define an orbit for the Earth, though more simply, as

cos(ngt)
[roj0'l; = —re | sin(ngt) |, (19)
0
where ng =n¢ and rg :%r( = 4730 km. The full lunar orbit is calculated as

Ie/0 = g o' + Toro- The gravitational specific force due to the Earth on the starshade is then

rg
/o = —Ho L. (20)
lIrs/q |

Both forces are time dependent and have varying magnitude ranges as shown in Table 1.

Table 1 Maximum specific force magnitudes on the desired starshade position. The maximum
lateral and axial components are separately calculated, directions are relative to the LOS.

Total acceleration Lateral component Axial component
l9p/0ll (Mm/s?) 5.85 5.84 5.85
9l (um/s?) 318.49 282.43 318.48
l9p/cll (um/s?) 8.15 6.91 8.15
IPosoll (km/s?) 3.31 0.02 3.31
I*aroll (mm/s?) 6.10 6.10 6.10
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3.3 Solar Radiation Pressure Force

Due to the size of the starshade, which can have a radius as large as 72 m for the HabEx design,
we implement an SRP force on the starshade. The model of the SRP force is given by Refs. 29
and 30. The SRP specific force is

PA . N
Ps/o = 2m— cos albtsq + (b cos a+ by)n], 21)
s

where m is the mass of the starshade, « is the pitch angle of the starshade pointing relative to the
Sun-starshade line, P is the solar radiation pressure at L,, A is the starshade area based on the
starshade radius Rg, and b, b,, and b; are the optical parameters whose starshade-relevant
values are taken from Ref. 31. The solar radiation pressure P is an inverse square law

P=P, <i>2 (22)

rsjo
where Py = 4.563 uN/m? and r, = 1 AU. The pitch angle can be computed from the relation

cos a = T/ - M. (23)

Assuming no tilting of the starshade during an observation, the normal vector n is assumed to
point along the LOS to a star as is explained in Sec. 4.

4 Desired Kinematics of the Starshade

The last term to consider from Eq. (15) is the parallax correction term. These are geometrical
constraints placed on the starshade desired motion to ensure its trajectory keeps up with the
changing LOS from the telescope to a star. We first define the geometry of the LOS in general
terms and use that definition to derive the desired starshade kinematics in the inertial frame.

We now have analytic formulas for the LOS from the telescope to any target star assuming a

known orbit for the telescope in an inertial frame. Knowing the look vector 63, we can now
define the full kinematics—position, velocity, and acceleration—of the starshade on its nominal
or fully aligned trajectory.

4.1 Tracking the Line of Sight Using Euler Angles

The LOS from the telescope T to a target star i is defined using the vector triad shown in Fig. 1,
also written as

Yo =Tyr +Tr/0. (24)

The inertial position of the star r;o is given in Eq. (4) and the telescope position ry /¢ is
known from Eq. (12). We now solve for the relative position of the star to the telescope r;/; and
do so component-wise as has been done previously in Ref. 32. We have elected, however, to
further introduce Euler angles to define the target star LOS from the telescope. We develop
analytical formulas for these LOS tracking angles and their derivatives. This helps us to define
tracking rates for the telescope to aid mission planning and design. These Euler angles also help
us rigorously to define the lateral and axial directions in which starshade perturbations will occur
and provide formulation that leads to greater insight of the starshade formation flying problem.

We use a 3-2-3 Euler angle sequence to define the LOS from the telescope to the target star as
illustrated in Fig. 3. We first rotate the inertial frame Z about its third axis by an azimuth angle 6,
effectively a rotation on the ecliptic plane to create an auxiliary frame 4. We then rotate this
frame about its second axis by a polar angle ¢, creating a new frame B. We complete the Euler
angle set in Sec. 6.1 once we define the forces on the starshade. These first two Euler angles are
sufficient to define the direction from the telescope to the target star relative to the inertial frame.
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4

Fig. 3 Auxiliary frames used to define the target star LOS from the telescope. Two Euler angles
are used: an azimuth angle (9) and a polar angle (¢).

The relative position of the target star to the telescope in inertial frame components is fully
defined as

sin ¢ cos 0
[ri/rl; = St | sin ¢ sin @ |, (25)
cos ¢

where S7 is the distance from the telescope to the target star. Note that all variables, components,
and time derivatives of components are given in canonical units unless otherwise specified. We
combine Eqgs. (24) and (25) to solve for the Euler angles and the telescope-star distance:

_sin f—wZy

o= 26
! @ Cos ¢ (26)
tan 0 = @Yy —sin 4 cos f , o
wXp —cos B cos A
tan ¢ = \/(wa —cos f§ cos )% + (wYr —sin 4 cos f)? ’ o)

sin f — wZr

and all are given as functions of known or measurable values: time, the ecliptic coordinates and
parallax distance of the target star, and the position of the telescope in inertial frame components.
Note that we have dropped the () notation from the telescope coordinates only for clarity. An
unfortunate consequence is the existence of a singularity in the angular kinematics at ¢ = 0 and
¢ = n. However, current mission concepts only consider stars up to ~30 pc away as candidates
for exoplanet detections, which means we do not encounter targets located exactly at the ecliptic
poles. Moreover, our selected Sun keepout angles, discussed in Sec. 5, exclude ecliptic coor-
dinates near the poles. If, in the future, target stars near the ecliptic are selected, one could
redefine the Euler angle set to place the singularities elsewhere (perhaps changing the definition
of ¢ to be a latitude rather than colatitude).

4.2 Line of Sight Tracking Rates

The tracking rates for the LOS to a given target star are a function of star coordinates and time.
Differentiating the Euler angles in time yields the angular rate of change of the azimuthal angle

. d (@Yy —sin A cos B
0 = cos? 0 — , 29
cos dt <1HXT —cos f# cos /1) 29
0 = w(—Xy sin 0+ Y7 cos 6), (30)

and the angular rate of change of the polar angle
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., d V/ (@wXy —cos ff cos 1)? + (wYy —sin 1 cos f3)>
$=cos oy, sin f — wZy ’ Gl
q-sw{cos (X7 cos 861:(;7 sin 9)—1—27} (32)

both as functions of time dependent variables—the trajectory of the telescope and Euler angles—
as well as the time-independent parallax angle of the target star. The tracking rates scale with
parallax, meaning they are smaller for target stars that are further away. We differentiate again to
find the angular accelerations of the tracking angles:

0 = w|(Y7 — X70) cos 0 — (Xy + Y0) sin 0], (33)

6= % [@wX3 sin(20) — 2wX ;Y7 cos(20) — wi?% sin(20) — 2X; sin@ + 2¥; cos 0],  (34)

and
¢ = o ¢{[(XT cos 0+ Yy sin @ — X0 sin 6 + Y70 cos 6) cos ¢
— (X7 cos 0+ Y7 sin 0)4) sin ¢ + Z7] — #* cos b} (35)

We have also given approximate values for the second derivatives after eliminating all w?
terms since these terms are very small and approach machine precision. The angular acceler-
ations are then

O~ w(Yr cos 0 —Xr sin ), (36)

cos ¢(Xr cos O+ Yy sin 0) + Z;
sin ¢ '

(37)

prw

An important note is that, while we are assuming a halo orbit for the telescope, these equa-
tions work for any telescope orbit so long as its time history is known.

4.3 Positioning the Starshade

The desired trajectory of the starshade D relative to the telescope T is derived using our geo-
metric LOS definitions as a function of the known telescope inertial trajectory, star location, and
time. The desired placement of the starshade is perfectly along the LOS. Adherence to the axial
distance constraints along the LOS enables observations in specific science bands based on the
telescope and starshade size.” In reality, the actual starshade position S can vary by up to 250 km
axially but only 1 m laterally from the LOS.* We assume, for the desired trajectory D, a constant
separation distance s and measure deviations from the desired trajectory using Eq. (15).
The starshade, therefore, can be located relative to the telescope using the B-frame which,
by definition, points toward the target star as follows:

I‘D/T = Sl;:),. (38)

The position vector of the starshade from the origin of the inertial frame, in inertial frame
components, is therefore

s sin ¢ cos 8 + X7
[*pjoly = [Xpjr + 10l = | 5 sin ¢ sin @+ Yy |. (39)
scos g+ Zy

Knowing the position vector of the starshade as a function of time and star coordinates allows
us to define initial conditions when integrating the equations of motion in Eq. (15).
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4.4 Starshade Velocities in Inertial and Rotating Frames

Before fully deriving the desired starshade velocity, we must first define the angular velocities of
each auxiliary frame in Fig. 3. The angular velocity of the B3 frame in the inertial frame is given

by

TB =IpA + 4w = 04, + Pa,, (40)
or, in component form:
—¢ sin 0
Fobl; = | ¢ cos 6 |. 41)
0

Due to our assumption of constant separation distance, the starshade velocity relative to the
telescope in the B-frame is zero, or By, 7 = 0. We use this to derive the inertial velocity relative
to the telescope as

Ivpr =Bvpr +10P xr, (42)

or

(ZJcos ¢ cos 9—? sin ¢ sin 0
Fvpyrly = s | ¢ cos ¢ sin 6+ 6 sin ¢ cos 0 |- (43)
—¢ sin ¢

The magnitude of this relative inertial velocity is shown in Fig. 4 over half the reference halo
orbit period in ST units. Finally, we complete the vector triad with the telescope’s inertial velocity
to get
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Fig. 4 Magnitude in Sl units of the (a)—(c) inertial velocity and (d)—(f) acceleration of the starshade
relative to the telescope on a reference halo orbit as a function of time after mission start. Target
stars are placed at distance of 1 pc from origin O. Both colorscales are logarithmic. Relative veloc-
ities are small and the relative accelerations can be considered negligible for stars further
than 1 pc.
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Ivpi0 =5 vpr +Ivr0. (44)

where the inertial velocity of the telescope “ v, /0 is given in Eq. (12). This final inertial velocity,
given in inertial components, is the desired starshade velocity for formation flying during an
observation.

Throughout this study, we will primarily use kinematic derivatives in the inertial frame; how-
ever, kinematics relative to the rotating frame R of the Sun and Earth are still of interest for
solving other starshade dynamics problems, primarily starshade slews between observations.
Note that because of our defined canonical units the angular velocity of the rotating frame
relative to the inertial frame is Zw® = Rt = [0,0, IE We can derive the rotating frame veloc-
ity necessary to begin an observation on any star (i.e., the injection velocity at the boundaries of
the slew trajectory) by first computing the velocity of the nominal starshade relative to the tele-
scope

RVD/T = IVD/T + RO)I X l’D/T, (45)
or

q:ﬁcos ¢ cos 9—?5in¢) sin @ + sin ¢ sin 6
Rvprl; =s| ¢ cos¢p sin 0+ 0 sin ¢ cos 6 —sin ¢ cos 6 |, (46)
—¢ sin ¢

given in inertial frame components. We can convert to /R-frame components by rotating through
an angle ¢ about the Z in Fig. 1. The full rotating frame velocity of the starshade relative to the
origin is

Rvpio = ®vpr + Rvrjo. 47)

where Rv; /0 is defined in Eq. (11). These calculations ensure that the proper injection velocity is
used in the slew boundary value problem rather than assuming the starshade matches inertial
velocities with the telescope as in Refs. 13 and 21. In Sec. 6.2, we will define the optimal injec-
tion velocity assuming we allow offset motion from the desired trajectory.

4.5 Parallax Correction Acceleration for Starshade

Finally, we can derive the full, desired starshade acceleration in the inertial frame as well as the
parallax correction term for Eq. (15). First, we define the angular acceleration vector

d d n . -
IwB EI@(IwB) _T E(IwA _|_AwB) — 933 + (¢)a2 _¢931)a (48)
or
—¢ sin 0—525}9 cos 0
Fabl; = | ¢coso—posing |, (49)

0

which is equivalent to the time derivative of Eq. (40). Noting, again, that the desired starshade
position relative to the telescope is constant in the 5-frame, we find that

d d
Tap,r =1 7 (Tvpsr) =P i (vpr) + 108 x (Pvpr). (50)
We make the following substitutions:

d
IaD/T =B E (BVD/T + T8 x rD/T) + TeB x (BVD/T + TpB x rD/T)v (€28
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IaD/T =T@B x I'p/r + I8 x TwB x Ip/r- (52)

We then calculate the desired starshade acceleration in the inertial frame relative to the tele-
scope, or the parallax correction acceleration:

.é:ﬁcos ¢ cos 6’—?5in¢ sin 6
[IaD/T}I R 5| ¢ cos ¢ sin 6+ 0 sin ¢ cos 6 (53)
—¢ sin ¢

after eliminating terms on the order of * and 4272, since they inherently contain w@” terms and
would, therefore, be negligible for stars at distances >1 pc. To get the desired starshade accel-
eration relative to the origin, we need to add the inertial telescope acceleration:

Tap,0 =Tap;r +ar o, (54)

which is given in Eq. (12). We have found, however, that for the specific range of star parallaxes
in our target list (namely, >1 pc) the relative acceleration of the starshade to the telescope in
Fig. 4 is orders of magnitude smaller than the telescope’s acceleration, which is on the order of
6 mm/s?. These formation flying accelerations would be more notable for closer objects, such as
bodies in our solar system.

5 Keepout Angles

With our new Euler angle definitions, we define analytic formulas for the telescope keepout
angles. Keepout angles limit the telescope pointing at a particular time in its mission: any star
that is within a given angular separation from the Sun or another bright object is not observable,
as light from the foreground object would contaminate the observation, and requires the tele-
scope to wait until it is within viewing range. Upper bounds on these pointing angles are also
imposed due to incident light requirements on the solar panels as well as the danger of contami-
nation by reflected light from the starshade during observations.’ Keeping track of the dynamic
keepout regions is vital for observation scheduling and is especially important when considering
overheads and shared telescope time with other science instruments.

To define the keepout regions for some bright body in the solar system B, we assume full
knowledge of its ephemerides in the inertial frame as functions of time: [rp,o]; = [x5.y5. 28]}
We define the angle between the target star and bright body as

rz;r - b
cos kg = 2T 3 (55)
HrB/T”
where rg/r = rg;0 — )0, SO that
- sin ¢ cos @ - sin ¢ sin @ - cos
cos Ky = (xg — x7) sin ¢ + (yp — yr)sin ¢ + (zp — 27) ¢. (56)

V(xg=x7)2 4+ (yg —yr)? + (23 — 2r)?

This expression is a function only of the ecliptic coordinates of the target star and time (if the
orbit of both the telescope and bright body are known). We reiterate the fact that we can sub-
stitute any orbit for the telescope in this formulation. Further simplifications are made in accor-
dance with the enhanced ICR3BP framework by assuming simple orbits for the Sun, Earth, and
Moon. The ephemerides of each are given in Egs. (2), (19), and (17) and make Eq. (56) more
explicitly a function of time. Similar simplifications can be made for the other planets of the solar
system, though they are not considered here.

Our implementation of keepout constraints is demonstrated in Fig. 5. We analytically com-
pute the angles from the telescope LOS to the Sun, Earth, and Moon as a function of time and star
coordinates. We then check to see if each of these angles fit within the upper and lower bounds
Kmin and k.., found in Table 2. Stars that meet the criteria

J. Astron. Telesc. Instrum. Syst. 021209-14 Apr—Jun 2021 « Vol. 7(2)



Soto, Savransky, and Morgan: Analytical model for starshade formation flying with applications. ..

t=30d
80 Sun path
—— Earth path

- 601 — Moon path
o
9 40
z
9
3 20
2
b= V]
: ==
L -20
el
Q
= -40
[¥]
w

-60

-80

o 50 100 150 200 250 300 350

Ecliptic longitude (deg)

Fig. 5 Keepout regions in ecliptic coordinates 30 days after mission start. Only targets in the
unshaded regions are observable at the time shown. Yellow, blue, and gray regions depict keep-
out zones due to the Sun, Earth, and Moon, respectively. Paths throughout the sky relative to the
telescope are shown for the three bodies.

Table 2 Solar system keepout constraints and parameters in canonical units.

Body Kminc1 (deg) Kmincz (deg) Kmax (deg) Mass Orbital radius (rg) ®
Sun 45 45 83 0.999997 3.040433 x 106 1
Earth 5 45 180 3.040433 x 107 0.999997 1
Moon 5 45 180 3.6923866 x 108 2.571881x 1072 12.37
KO,min < K(D(t) < Ko,maxv (57)
K, min < K@(t) < Kg,max» (58)
KCmin < K((t) < K max>» (59)

at a specific mission time ¢ are shown in the unshaded regions of Fig. 5. Stars that do not meet the
criteria are within the yellow, blue, and gray regions of the Sun, Earth, and Moon keepouts,
respectively. We implement «,,,,, for the Sun only to account for reflected light from the star-
shade. This model can be updated to include a k,,,, term for Earthshine. As a conservative case,
the minimum keepout constraints for all bright bodies is set by the telescope scarf angle, assumed
to be 45 deg. However, it is uncertain based on the current literature how the phase function of
the Earth and Moon would diminish light contamination on the telescope. For these reasons, we
include two separate classifications of minimum keepout angle «,,;, for the Earth and Moon: case
1 (C1) with an optimistic minimum keepout angle of 5 deg and case 2 (C2) with more
conservative minimum keepout constraints set by the telescope scarf angle. These time-
dependent keepout constraints will affect the timings of observations and are used in Sec. 7
to filter results.

6 Simulating Deadbanding Maneuvers

We now have a full model for the starshade dynamics relative to the desired trajectory.
Deviations from the desired trajectory are numerically integrated to study when and how often
correction maneuvers must be used to maintain lateral and axial tolerances during an observa-
tion. From the right-hand side of Eq. (15), we define a lateral disturbance acceleration:
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Aag= (Zfs - IaT/O> —Tapr, (60)

where the parallax correction term can be neglected. The final equations of motion are then
T _

ag/p = Aag (61)

showing that the disturbance acceleration on the starshade S drives its deviation from its desired
trajectory Zag /D-

6.1 Parabolic Trajectory Approximations

We can make a further simplification of the relative dynamics in Eq. (61) by assuming that the
specific forces at the actual starshade location § are similar to those at the desired location D or

S s fo 62)

Because these specific forces evolve over long timescales, noting that the period of the halo
orbit is 6 months, we can assume that the forces are constant over the relatively shorter obser-
vation times and rewrite Eq. (61) as

IaS/D ~ AaD, (63)

where
Aap=> fp—Tare (64)

and is constant throughout the simulated observation time. Of primary interest are the lateral

disturbances relative to the LOS which drive motion in the ﬁl — 132 plane. We define a new frame
C to better study the motion lateral to the LOS as shown in Fig. 6. The frame is centered at the
desired position of the starshade D and rotated by a final roll angle y to complete the Euler angle
set relative to the inertial frame Z. We define the axial and lateral components of the lateral
disturbance acceleration as

ay = AaD . 63, (65)
a; = Aaj, — a,bs, (66)

where the axial direction points along the telescope-target LOS and the lateral direction lies on a
plane perpendicular to the LOS. The roll angle is defined as

tan y = aiA, 67)

Fig. 6 Final frame for dynamics, rotated from B-frame so that the lateral differential force points
opposite the second axis.
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such that ¢, = —a; . In this frame, we can define the parabolic trajectories derived in Ref. 9. We
need these approximations as an initial guess for the required velocities to maintain the dead-
banding strategy. Throughout deadbanding, we still integrate the full relative equations of
motion in Eq. (61) and use the parabolic guesses from Eq. (63) as initial conditions.

We define the coordinates of the new C-frame as [rs;p], = [1.0,{]¢ to derive the parabolic
trajectories. We scale these coordinates by the deadbanding radius R, according to Ref. 9.
Similarly, the velocities in this frame are scaled by /R a;, time by 1/R;/a;, and accelerations
by a; where a; = ||a,|| is the magnitude of the lateral disturbance acceleration.” The second
derivatives of these new coordinates are given by

i 0
[Ias ,DL =ls| =| -1 |. 68)
e as/ar |

Noting that the terms on the right-hand side of this equation are all constants, Flinois et al.’
developed equations for parabolic flight within the deadbanding radius. The idea behind this is
that the global optimal trajectory would be one that travels back and forth along the diameter of
the deadbanding radius. This is in the C-frame where the lateral disturbance acceleration always
points downward. Figure 7 demonstrates example trajectories within the deadbanding tolerances
in the plane lateral to the LOS. Although one can maximize the time of flight for an individual
trajectory, the ending location of the starshade centroid within the deadbanding radius is not
guaranteed to be in an optimal location for a long subsequent flight. The strategy, then, is
to move the starshade as quickly as possible toward the “well” of the deadbanding radius, point
[0, —1] in the i — o plane in normalized units, so that it can travel as close as possible along the
vertical diameter (i.e., the longest possible flight). The necessary equations for parabolic flight
that target an endpoint at the deadbanding “well” require an intercept point tangent to the dead-
banding radius as shown in Fig. 7. This intercept point, as a function of the initial location on the
deadbanding radius [y, 6,7, is

T [no. 00 o9 > 0.5
ivoi]' =q 1 V1+o0q.v/1— <0.5” ©9)
el sgn(10) 00, op| 00=0.
1.5
—:— Inner threshold
---- Outer threshold
¢ Nominal starshade position
1.0
0.5
—_Trajectory with
max. drift time
E oo <
o First drift with
initial velocity
Thruster
firing
-0.5
-1.0 T
Deadbanding "well"
-1.5
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

77 (m)
Fig. 7 Example of a deadbanding simulation. Starshade starts at the nominal position D with an

exaggerated initial velocity. A thruster firing is triggered when crossing the inner threshold. The
second drift ends at the “well" of the deadbanding radius while the third drift is time optimal.
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where the sgn function returns 1 or —1 for positive and negative arguments, respectively. The
velocity components in this frame are [ vg /ple =16, ¢ ]c; the initial velocity for a parabola with
the initial location [5,, 6,]T, intercept point at [r;, o;]T and endpoint [0, —1]T

sgn(1o)

N =-— /3 oi(l1-o0), (70)

’70

bo = — Ty 4 2o 71)

i ’70

with time of flight At = Z—g in scaled units. If the initial point is exactly at the bottom of the

deadbanding radius, the velocities then become

(3o, — 1)/ 6,<0.5
- Y (72)

%0 = l+0; ’
(1 - 6,‘) 20, () Z 05

with 75 = 0. These are the optimal injection velocities for maximizing drift time.

6.2 Algorithm for Starshade Deadbanding Trajectories

To integrate the equations of motion for the relative starshade dynamics, we need initial condi-
tions. Given the choice of starting locations, it is best to start the starshade on the maximal drift
trajectory. At the beginning of a deadbanding trajectory, regardless of time and target star, the
starshade must then be positioned at the well of the deadbanding radius. We can combine the
initial parabolic velocities in Eq. (72) with the desired starshade velocity in Eq. (44) as follows:

Ivsi0 =Tvsp +1Vp 0. (73)
or

GovV/Raar | + | Yy + ¢ cos (/) sin 6 + 6 sin ¢ cos 0 |, (74)
0 ¢ sin ¢

0 XT+¢cos¢cos9 931n¢sm0
vsjoly = 7€ | oy iy |

where ZCC is the direction cosine matrix associated with rotation from the C to Z frames. This
initial state (if we position the starshade at the deadbanding “well”) leads to maximum drift times
in the idealized model. We use these initial conditions to begin the deadbanding simulations. They
can also be used as slewing boundary conditions as discussed in Sec. 4.4.

We first integrate the equations of motion stated in Eq. (61) using these idealized initial con-
ditions and estimate a time of flight based on the parabolic trajectory. Note that within these
equations, unlike the ideal model in Sec. 6.1, we track the changing forces due to the offset
trajectory. Another thing to note is that the relative dynamics are framed in the inertial frame,
so the initial conditions have to be rotated from the C frame. We incorporate similar lateral
thresholds to those described in Ref. 9 although with different values: an inner threshold
R jinner 0f 0.9 m and an outer threshold R ; oe; 0f 0.95 m. These are implemented to allow small
overshoots of the trajectories due to the fact that the initial velocity conditions are calculated
using the ideal equations. Event functions within the initial value problem solver are triggered
when the lateral position of the starshade crosses these thresholds. Inner threshold crossings are
recorded while outer threshold crossings terminate the trajectory integration. If the outer thresh-
old is crossed in the +o¢ direction of the C-frame, an immediate burn is required; otherwise, the
next trajectory is resolved at the exiting of the inner threshold.

We define a burn as fully impulsive—a discrete and instantaneous change in velocity at the
crossing of a threshold. We note the position [7;,5,]T of the current crossing point and use the
ideal equations, again, to define an intercept point and the initial velocities [}, &,]T required for a
parabolic flight ending at the well of the deadbanding radius. To calculate a new parabola, the
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lateral acceleration qa; is recalculated at the current time. The Av in the lateral direction is then
the difference between the new, parabolic velocities and the integrated velocities from the last
drift. To counteract axial drift along the LOS, we assume a brake-damping strategy, in which we
cancel the {-direction velocity at every lateral burn. This strategy is not meant to cross the entire,
much larger axial control region (£250 km) but instead to dampen the axial drift and lessen the
impact on observations.” The total Av for a single crossing of the lateral radius is

AUn+l = \/(_é‘n,c)2 + (;‘1}14’1 - i]n.c)z + (6n+l - “7n,c)27 (75)

where [,.c, 6,.c. éf,w]g are the integrated velocities of the n’th trajectory in the C-frame at the

threshold crossing and [#7,,41, 6,41, C o }E are the parabolic guesses for the next trajectory toward
the “well.” We catalogue these burns, drift times, and the number of crossings over a set obser-
vation period during an individual deadbanding simulation.

7 Global Trends and Simulation Results

Deadbanding simulations are now conducted for a target list of stars in the manner described in
Sec. 6.2. The full results are intended to capture formation flying costs as a function of the
ecliptic coordinates of the target, time, and the halo orbit phasing parameter. Metrics are first
developed to describe the different costs associated with starshade formation flying. Resulting
heatmaps of these metrics are then shown as a function of the parameters previously described.
We then discuss how the lateral component of the disturbance acceleration on the starshade
drives these cost metrics. Separate deadbanding simulations are also run without any axial con-
trol to demonstrate how shorter observations could be conducted while still meeting axial dis-
tance tolerances. Finally, we discuss the effect of varying the halo orbit phasing parameter on the
formation flying costs.

7.1 Station-Keeping Metrics for Observation Scheduling

We conducted station-keeping simulations for a grid of stars distributed uniformly in ecliptic
longitude and latitude. Ecliptic longitudes were chosen in steps of 10 deg; ecliptic latitudes were
chosen in steps of 10 deg from —80 deg to 80 deg. Each simulation was allotted a set observation
duration or simulated observation time ¢, during which we calculated deadbanding trajectories
using the algorithm in Sec. 6.2. Integration times for observations can range from <1 h to multi-
ple weeks.!” A 6-h 1., was, therefore, selected to represent short integration times. To capture the
longer integration times, we conducted deadbanding simulations for every star at different days
throughout a 1-year mission. We catalogued a number of different metrics from these simulations
and present the results of these simulations in Fig. 8. Other starshade parameters are presented in
Table 3.

All metrics are presented as functions of the target star ecliptic coordinates (represented as
individual heat maps) at specific times in the mission. First, we catalogued the number of thresh-
old crossings N which corresponded to the required number of thruster firings throughout 7.
We then define the operator (), to symbolize the average value over a simulated observation.
For a given metric M and individual M; calculated during each trajectory j between burns, the
average of the metric is calculated using the operator as

1 N
(M)gp =D M. (76)
J

The first two metrics we present in Fig. 8 are (Av),, in the top row followed by the ., in
the second row. These are the average Av used during the burn (both in the axial and lateral
directions) and the final axial distance from D along the LOS, respectively. Next, we catalogued
the number of threshold crossings N followed by the average drift time between thruster firings
(Afp)ops- The above metrics are independent of the type of chemical propulsion and thrusters
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Fig. 8 Maps of different station-keeping metrics, averaged over a simulation time of 6 h at three
different mission times. The averaged metrics include total Av, axial drift distance, number of
thruster firings, drift times, fuel mass used per day, and the portion of the simulation time spent
firing thrusters.

Table 3 Starshade deadbanding simulation parameters.

Parameter Value
Rd 1m
Rd,inner 0.9m
Rd,outer 0.95m
mq 10,930 kg
Rs 36 m

s 76,600 km
Isp 308 s
Fr 2x22 N
fobs 6h

S, 1 pc

assumed for station-keeping, they only vary with mass and area (due to SRP) of the starshade.
For the last two metrics, we used parameters shown in Table 3 based on the HabEx starshade
design.'®!! We define the fuel mass used during a single trajectory ; as

Avj
Am; = mo(l —e Wsp),

021209-20

(77)
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from Tsiolkovsky’s ideal rocket equation where I, is the specific impulse of the thruster, m, is
the initial spacecraft wet mass, and g, is a constant for the acceleration due to gravity.> We create
a metric for the fuel usage per observation time, given as

1 N
()ops = —— > _ Am;, (78)

Tobs <=
obs]

where N is the number of thruster firings and ., is the observation time. We can also estimate
the thruster firing time during each lateral correction using the equation for specific impulse

Fr = gol i, (79)

where m is the mass flow rate and F7 is the maximum thrust of the engine in a single direction.
We assume the thruster value in Table 3 which is a sixth of the maximum thrust listed in Ref. 11.
If we assume the mass flow rate to be a constant for these short bursts, we can rewrite the
equation as

gOISpAmj
Aty i = —F"—= 80
T.j FT ( )
to estimate the duration of each thruster firing j. We then define a new metric
1
Fodows =7 At (81)
obs ]

which represents the fraction of time f, (relative to the simulation time), in which the thruster is
firing and therefore interrupting an observation.

The resulting formation flying costs are shown in Fig. 8, with colorbars chosen so that lighter
colors represent lower costs (or more favorable conditions). We compared our results to those in
Ref. 9, namely the worst case drift times at the worst possible gravity gradient. They estimated a
worst case drift time for HabEx, with our same starshade separation distance, of ~12 min using
a different telescope quasi-halo orbits. Our worst case drift (z5).,, was ~10 min. Our results,
therefore, match those in Ref. 9 with a 16% error despite the different halo orbit sizes and per-
turbation models. We also used a less strict R; value of 0.9 m rather than 0.7 m. Our largest
lateral disturbance acceleration is on the order of 38 um/s?> compared to their 31.2 ym/s” due to
our larger halo orbit.

With the lateral and axial control schemes described in Sec. 6.2, we see large variances of
costs depending on the ecliptic coordinates of the intended target as well as the mission time.
Mass used per day could vary up to 18 kg per day if a star is observed at the wrong time of year.
The drift time per burn (tp),,, averages between 10 min and 2.5 h. Although the fraction of
observation time spent firing a thruster (and interrupting the observation) varies from a fraction
of a percent to about 1.5%, there can be more than 30 interruptions per 6-h observation time.
Observation scheduling, therefore, must take these time-varying costs to avoid conducting an
observation of a particular star when the starshade is in an unfavorable, or high cost,
configuration.

7.2 Contribution Due to Lateral Disturbance Acceleration

The maximum axial distances in the second row of Fig. 8 show that our axial control law mit-
igates axial drifts very effectively. Recall that the axial positioning tolerance for the starshade is
250 km in either direction. The resulting 1 km variance in axial distance indicates that perhaps a
less conservative control law should be employed in the future to relax fuel costs. We conducted
separate deadbanding simulations without axial control—eliminating the axial Av burn that was
previously conducted at every lateral crossing of the starshade—to isolate the lateral control
strategy and its effectiveness. This helps us simulate the costs of shorter observations, as these
could successfully perform formation flying without a single axial maneuver and still remain
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Fig. 9 Maps of different station-keeping metrics, averaged over a simulation time of 6 h at three
different mission times. No axial burns are conducted here, so the starshade is free to drift in the
axial direction.

within the axial tolerances. The results are shown in Fig. 9 using the same metrics as in Fig. 8.
There are notable differences from the previous simulations in fuel costs. The (Av), values in
the first row are now only in the lateral direction and are reduced by almost an order of magni-
tude. The fuel mass used per day and (fp), are both also reduced when only conducting lateral
burns. The maximum axial drift during the simulated 6-h observation, at most, is 15 km. With a
simple extrapolation, we can estimate that the starshade will reach the axial tolerance of 250 km
in about 4 days during the worst case conditions.

The metrics in both Figs. 8 and 9 all exhibit similar patterns or regions of extrema. The
(A) s plot was seemingly inverted when switching to a lateral-only control law. The resultant
heatmap now matches the same pattern of extrema seen in the N, (Atp)ops, (1) ops> a0 (fp)ops
heatmaps. Switching to a lateral-only control law did not significantly change the pattern of
extrema nor the magnitudes of the N and (Afp) s metrics. These cursory observations suggest
that the pattern of extrema is driven by a common cause. We determine that cause to be the
relevant component of the disturbance acceleration. The lateral component of the disturbance
acceleration a; , for instance, drives the N and (Atp),,, metrics. The axial component a, drives
Cmax- The fuel costs have both an axial and lateral component; each ensures adherence to axial
and lateral tolerances independently.

There are three distinct regions of extrema in the metric heatmaps: two poles and a banded
region arcing over the ecliptic coordinates. Target stars within these regions are in favorable
configurations for observation generally because of fewer interruptions and lower fuel costs.
This pole-banded stucture is explained by several factors depicted in Fig. 10. In the first column,
we plot the lateral component of the disturbance acceleration a; on the starshade desired position
as a function of the target star ecliptic coordinates and the time throughout the mission. The
location of the favorable metric regions in Fig. 8 match the regions of smaller lateral acceler-
ations in Fig. 10. Small lateral accelerations allow the starshade to drift longer between the lateral
tolerances, decrease the number of threshold crossings and reduce the amount of fuel needed for
lateral corrections. The timing of the maximum a; coincides with the telescope being at its
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Fig. 10 Lateral component of the lateral disturbance acceleration on the desired starshade posi-
tion as a function of stellar location and time in column (a). Columns (b) and (c) show lateral force
with combined keepout regions for cases 1 and 2, respectively. Different mission times are shown
in each row.

southern-most point—as well as the closest point to the Sun, Earth, and Moon—of its halo orbit,
where gravitational forces are strongest.

We also note that the pole-banded structure of the metric maps and lateral differential accel-
erations all evolve over time. The formation flying geometry combines with the direction of the
gravitational forces to produce this effect. The location of the pole regions, for example, is very
near the location of the Sun, Earth, and Moon in the sky relative to the starshade. The Sun, Earth,
and Moon locations are indirectly shown in the second and third columns of Fig. 10. Here we
reproduce the first column with an added filter based, respectively, on cases 1 and 2 keepout
regions discussed in Sec. 5. When the starshade is aligned with stars at the minimum poles, the
differential acceleration Aa, mostly aligns in the axial direction along the LOS due to the direc-
tion of gravitational forces as shown in Fig. 11(a). Lateral disturbances are, therefore, reduced.
Because axial disturbances are increased, the starshade drifts further in the axial direction with-
out any added control as shown in the second row of Fig. 9. Though the two poles align in the
direction of Y fp, which is dominated by gravitational forces of the Sun and Earth, the lateral
differential acceleration is still nonzero due to the direction of Za; 70 shown in Fig. 11(a). The
opposite pole is created when the telescope views a star opposite, or anti-parallel to, the LOS in
Fig. 11(a): >_ fp is still aligned with the LOS but in the opposite direction. The banded structure
is caused by similar reasons: in those regions, the specific forces on the starshade align nearly
antiparallel with the telescope acceleration vector in the lateral direction to the LOS. This results
in a small lateral component of the disturbance acceleration as shown in Fig. 11(b). We also note
that, from Fig. 10, the magnitude of the lateral disturbance acceleration is periodic and shares the
periodicity of the halo orbit—about 180 days.
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Fig. 11 Two formation flying scenarios that lead to minimum lateral disturbance acceleration, or
a, . The apparent Sun, Earth, and Moon locations in the sky are labeled. (a) The disturbance accel-
eration aligns mostly in the axial direction of the LOS resulting in pole minima and (b) the two
components of the disturbance acceleration mostly cancel out in the lateral direction resulting
in banded minima. Diagrams are meant to show exaggerated configurations.

7.3 Scheduling Observations to Optimize Drift Time

The geometry and time evolution of this configuration drives the lateral disturbance acceleration
on the starshade and directly drives many metrics shown in Figs. 8 and 9. We can simulate and
tabulate these metrics as functions of target star coordinates and mission time to predict the
location of favorable observation in the future and plan missions more effectively. We show
the effects of optimal scheduling in Table 4 for a few target stars. We ran deadbanding simu-
lations for each star with the same parameters in Table 3 used to generate the results in Figs. 8
and 9. Simulations were conducted at different times throughout a year, taken in intervals of 10
days. Metrics associated with fuel cost—(Av) pss (11) s> and (f p)ops—are split into lateral and
axial components L and A, denoted by subscripts. We filtered the results using telescope keepout
constraints, applying both case 1 and case 2 keepout scenarios. Stars showing only one column
had the same results regardless of keepout conditions. We then found the optimal time 7, for
scheduling an observation by choosing the date with the highest average drift time (¢p),,. We
also found the least optimal date regarding (¢ ), and recorded the difference between the two in
Table 4. The percent change from using the optimal over worst date is also recorded.

The improvements due to optimal scheduling vary per star coordinates, but overall each star
experiences an increase in drift time and decrease in number of thruster firings. The northern,
mid-latitude stars experience the greatest improvements with HD 219143 seeing an average 30
more min of drift time and 26 fewer interruptions per observation. Stars spaced closely in ecliptic
longitude also experience optimal observation configurations on similar dates, as evidenced by
51 Eri, and GJ 179. Although the lateral components of the fuel metrics decreased with the
optimal drift time date, the fuel usage in the axial direction increased. Favorable drift times are
caused by small lateral accelerations which inversely lead to large axial accelerations. For short
target observations—those on the order of #,,; = 6 h—the starshade would not exceed the axial
distance tolerance and we can essentially ignore the axial fuel costs to simulate a lateral-only
control law. For longer target observations, those that may take days, we can use these axial costs
as a upper bound and plan less conservative axial control laws in the future. The fuel savings
associated with lateral corrections, however, could result in up to 11 kg fewer spent per day.
These simulations, metrics, and optimizations can be conducted for any target list to create opti-
mal schedules for direct imaging missions that save fuel and increase the chances of successful
exoplanet characterizations. Though we define the optimal observation date for each star based
on drift times, one can develop more intricate cost functions that incorporate all metrics.
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7.4 Phasing the Halo Orbit

We consider one more parameter for the formation flying geometry: the phasing of the halo orbit
discussed in Sec. 2.3. This phasing parameter allows us to alter the telescope-starshade geometry
at mission start and its evolution throughout the mission. As demonstrated in Sec. 7.1, the time
evolution of the starshade-star configuration determines the locations of minimum lateral dis-
turbance acceleration. The halo phasing, therefore, allows us to control which—and when—stars
are in favorable observation configurations. This approach is especially powerful in dealing with
keepout constraints highlighted in Sec. 5. The time-dependent keepout regions filter out target
coordinates at different mission times based on the relative positioning of the Sun, Earth, and
Moon. Changing the halo phasing alters these relative positions so that certain stars are obscured
at different times. We calculate the movement of keepout regions over a 1-year span and plot the
portion of time each target is visible to the telescope in Fig. 12 for fixed halo phases and the two
keepout conditions for Earth and Moon constraints. Stars at the highest latitudes are constantly
obscured by the maximum keepout angle of the Sun. Stars at middle latitudes are visible for
longer because they fit inside the keepout constraint annulus shown in Fig. 5. Central latitude
visibility varies due to the motion and relative configuration of the Sun, Earth, and Moon for the
case 2 keepout scenario; observation percentage is nearly constant for the Earth and Moon in
case 1. Case 2, therefore, prevents more stars from being observed throughout the mission. We
can control the amount of visibility of central and middle latitude targets in case 2 by varying the
halo orbit phasing. Given high-priority targets, perhaps with known exoplanets or high com-
pleteness values, results from Fig. 12 can be used to determine favorable mission phasings for
optimal mission design.

We also use the halo orbit phasing to optimize the lateral disturbance acceleration on the
starshade and combine it with the keepout results. We calculated the maximum lateral disturb-
ance acceleration felt by the starshade when observing a grid of target stars in ecliptic coordinates
throughout a year of mission time, applying the keepout filters when necessary. Figure 13 shows

Ecliptic latitude (deg)
% Time visible (over 1 yr)

=
o

0 100 200 300 o 100 200 300

(a) (b)
Ecliptic longitude (deg)

Fig. 12 Portion of time (over a 1-year span) during which individual target stars are out of keepout
regions and therefore visible to the telescope. Case 1 (a) and case 2 (b) keepout conditions are
applied, with stricter Earth and Moon minimum angles in the latter. Plotted with different halo phas-
ing angles in each row.

J. Astron. Telesc. Instrum. Syst. 021209-26 Apr—Jun 2021 « Vol. 7(2)



Soto, Savransky, and Morgan: Analytical model for starshade formation flying with applications. ..

el el

At =80d

35

)

um
e

_ At,=40d At,=40d 30
2 so >
- -
~ S
o ° 5@
T-s0 - - 3
- -
= (%)
5 20 §
o At,=80d At,=80d .
s £
2 so 53
S 15 <
w o J
]
2
]
10
0]
At,=120d Atp,=120d =
= w w
4 200 o 200
(@) (b)

Ecliptic longitude (deg)

Fig. 13 (a) Halo orbit in the Sun-Earth rotating frame with four different phasing times for the
telescope. (b) Maximum lateral force on starshade over a 1-year mission lifetime as a function
of target star ecliptic coordinates. Includes keepout changes over the mission, both case 1 (a) and
2 (b) scenarios. Halo orbit phasing time varies per row.

these results as we vary the halo orbit phasing. We also show the starting locations of the tele-
scope corresponding to each of the halo orbit phasings (shown in the R-frame).

For a fixed halo orbit phase, we see larger lateral disturbance accelerations for higher latitude
stars over the mission. For mid-latitude stars, regions of low lateral acceleration occur at specific
longitudes. The halo orbit phasing dictates the longitudinal location of these minima and could
provide reduction in lateral forcing by a factor of up to 8.8. These minima coincide with regions
of longer visibility according to Fig. 12, which reinforces the importance of aligning the halo
orbit phasing with high-priority targets.

7.5 Scheduling Observations with Halo Orbit Phasing

We conducted a set of simulations to illustrate the use of these halo orbit phasings. In the pre-
vious section, we showed how the halo orbit phasings affect lateral disturbance accelerations on
the starshade during observations. Here we conducted station-keeping simulations for a select
number of stars and tabulated the resultant costs in Table 5. For each star, we ran deadbanding
simulations on a coarse grid of different halo orbit phasings Aty (from O to 180 days in steps of
10 days) and a 1-year mission life span (with a step size of 5 days) for each phasing. We also
applied keepout constraints on the results based on the two keepout cases as we did in Sec. 7.1.
We found the optimal combination of halo orbit phasing Az, and mission time ¢ leading to
maximum average drift times (Atp) .- We also found the worst case combination of Azp and
t for drift times. Table 5 shows the difference between metrics at those time combinations as well
as the percent change from choosing the optimal over the worst case scenario. The results are
more emphatic than those in Table 4: average drift times can be increased by more than 1 h in
some cases. Number of thruster firings can also be reduced by 31 instances over the 6-h 7. In
general, axial fuel usage was high while lateral fuel usage was low for the optimal scenarios
versus the worst case scenarios.

With the same simulation results used in Table 5, we also studied how the selection of an
optimal halo phasing affects the metrics over an entire mission. We define the operator (), to
denote the average value of a metric throughout the mission life span. For a given metric M and
average values (M), for each specific mission time k, we calculate the double-averaged metric
using the given operator as
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<<M>0bs>t = <A4k>obs7 (82)
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Ky
where K is the number of mission times specified. We take the resulting average drift times
(Afp)ops OVer the mission time ¢ to find ((Azp) ), We then define the optimal halo orbit phas-
ing Atp o as the corresponding halo orbit phasing that maximizes ((Atp) ), With this def-
inition, we attempt to find a phasing that globally optimizes all possible observations of the star.
We also calculate the least optimal halo orbit phasing and recorded the differences in Table 6. We
see similar trends to those shown through scheduling optimization in Sec. 7.1: choosing the
optimal halo orbit phasing position at the start of the mission improves almost every metric
over the mission lifespan. We see larger improvements again for mid-latitude stars, though the
difference is less pronounced than for the scheduling optimization. Average drift times can be
increased by up to 21 min in the case of 47 UMa with 14 fewer interruptions through this strat-
egy. As with the scheduling optimization, this strategy can be performed for any target list of
stars. It is important to note that the selection of a specific halo orbit phasing, though it may
optimize observation conditions for some targets, may create unfavorable conditions for other
targets. Mission planners should then determine a halo orbit phasing at mission start that will
produce the most favorable observations throughout an entire mission for high-priority targets.

8 Conclusions

In this paper, we presented a comprehensive analytical model for starshade formation flying as a
function of known quantities. This model provides a clear framework for the fundamental geo-
metric constraints of the telescope-starshade configuration A clear derivation of differential
forces also helped bridge the gap between the starshade orbit geometry and JPL S5 work on
station-keeping. Running simulations with publicly available Python packages, though at some-
what lower fidelity, helps bring station-keeping results to full end-to-end mission simulators like
EXOSIMS. We present a number of metrics that, after generating them offline and storing them
in interpolate-able look-up tables, can be used for both target selection and future scheduling of
observations within these mission simulations for the first time. Finally, we highlight the impor-
tance of halo orbit phasing for optimizing observation scheduling. When selecting target stars
known to harbor exoplanets, it is vital to allot as much time as possible for detection and spectral
characterization. Our methods maximize the amount of time these targets are visible to the tele-
scope and in fuel-conserving geometries, ensuring high-quality observations. These configura-
tions are pivotal for mission design of observations with starshades. Integration times may also
take multiple weeks to fully characterize the exoplanet; fuel costs can easily accumulate over
these long observations. For these reasons, it is important to know formation flying costs before-
hand. We can simulate costs to fuel usage and observation interruptions with EXOSIMS and use
them to predict optimal times for target observation. We can also vary halo orbit phasings so that
high-priority stars are visible for a bigger fraction of the mission due to keepout constraints. If we
can ensure minimal fuel usage—with as much uninterrupted observation time as possible over a
mission lifetime—we can increase the number of observations that can be performed as well as
our chances of successful exoplanet detections and characterizations.
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